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Abstract— We present a method for guaranteeing the safety
of online learning schemes. The method uses barrier certificates
and Sums-of-Squares programming to find a safe region of
state space and a controller which renders that space positively
invariant. This safe set and controller are then used to create
“training wheels”, which can transform unsafe controllers into
safe ones. These training wheels alter the given controller only
when the state nears the edge of the safe region. Thus, except for
where it would otherwise lead to falling, the original controller
remains unchanged. For a given learning scheme, this projection
is performed for each controller rollout to generate a safety
guarantee for the scheme with minimal interference. We have
simulation results for a simple car model and a simple hopping
model, and plan to demonstrate safe learning of a hopping
controller on the robot RAMone.

I. INTRODUCTION

Online learning is a valuable tool for achieving high
performance behaviour in physical systems when modelling
accuracy is limited. This is particularly true for legged robots
since it is difficult to accurately model contact events. How-
ever, such learning schemes can be particularly challenging
for legged robots due to the high cost of falling (which can
require lengthy hardware repairs). As such, successful learn-
ing implementations on walking robots have been largely
limited to hardware in which either the likelihood or the
cost of falling is low (e.g. [1], [2]).

One way to mitigate the risk of falling is to determine the
space of ”safe” controllers and states. That is, the space of
initial conditions and control inputs which avoid failure states
for all time. Once found, we can restrict a given learning
scheme to search for controllers within this space.

In this work, we use polynomial barrier functions to find
the set of safe states. We use this set to compute a mask
that can take any unsafe controller and render it safe with
minimal modification. This approach is similar to that in [3],
in which barrier functions are used to guarantee the safety
of Lyapunov-based controllers.

II. METHODS

The class of systems we consider in this paper are those
with dynamics of the form:

ẋ = f(x) + gu(x)u+ gd(x)d. (1)

Where f , gu and gd are polynomials in x, u is the control
input, which takes values from the bounded set U , and d is
the uncontrolled, time varying disturbance input which takes
values from the bounded set D.

We begin by defining the set of safe states:

Xs = {x0 | ∃u(x) ∈ U s.t. x(x0,u(x),d(t), τ) /∈ XF

∀τ ∈ [0,∞),∀d(t) ∈ D}.
(2)

Where Xf are the failure states, and the notation
x(x0,u(x),d(t), τ) represents the flow forward of the state
x0 under controller u(x) and disturbanc d(t) after time τ .
This can be seen as the largest forward control invariant set
[3] that doesn’t include the failure states.

To find Xs, we use a barrier function approach similar
to that in [4]. This approach results in a polynomial v(x)
and a controller us(x) that renders the 0 superlevel set of v
forward invariant (i.e. {x|v(x) ≥ 0} ⊂ Xs).

The only requirement for forward invariance of the set
Xs is that the flow of the system is inward on the boundary.
This means that any controller will be safe so long as it
enforces this flow condition on the edge of the safe set. Thus
we define a safety mask that modifies controllers only in
the neighborhood of v(x) = 0. Since we know that us(x)
satisfies the flow condition, we smoothly interpolate between
this controller on the boundary of the safe set and the initial
controller in the interior. This gives us a safe controller that
matches the initial controller everywhere except where it
would otherwise lead to falling.

Once this safety mask has been computed, the result can
be applied in real-time to arbitrary control input. Simply
monitor the state until it approaches the boundary of Xs,
then follow the interpolation scheme to determine the safe
input. As such, this approach can be used as a last step in
any learning scheme to ensure that each controller used on
the hardware is safe.

III. PRELIMINARY RESULTS AND FUTURE WORK

At the time of this abstract, we have implemented this
method on both a Dubin’s car and a 1-dimensional hopper.

The next goal is to use this scheme to conduct safe online
learning of a linear hopping controller on the robot RAMone.
To do this, we we will extend the 1d hopper model to include
a massive foot and a flight phase. Once the safe set of
controllers is computed for this model, we will use a CMA-
ES policy learning scheme to learn a controller online that
hops to a desired height with minimal energy consumption.
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