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CHALLENGES 

• Actuator, position bounds 
• Force friction cones 
• Small viability kernel

#1 Heavily Constrained



CHALLENGES 

#1 Heavily Constrained

#2 Unstable Dynamics

• Inverted pendulum 
• Exponential divergence  

of center of mass



CHALLENGES 

#1 Heavily Constrained

#2 Unstable Dynamics

#3 Computation Time

• Full state ~ 60d 
• Prediction horizon = 1-2 s 
• Computation time < 10 ms



CHALLENGES 

#1 Heavily Constrained

#2 Unstable Dynamics

#3 Computation Time

#4 Nonsmooth Dynamics
• Dynamics not differentiable 
• Poor numerical behaviors



CHALLENGES 

#1 Heavily Constrained

#2 Unstable Dynamics

#3 Computation Time

#4 Nonsmooth Dynamics

#5 Nonconvex Dynamics
• Local minima 
• How to initialize search?



How to initialize  
the search?

Nicolas Mansard



Warm Start



Real	op(mal	
movement	

User-defined	
task	

Original	op+mal	
control	problem	

Itera&ve	op&miza&on	

Experience-based	
prior	guess	

~500TBytes	

Offline	generated	samples	

Learn to Warm Start



Data Reduction for Motion

~500TBytes*

Original*op4mal*
control*problem*

Reduced*“easy”*
control*problem*

NB: Original movement needs only to be roughly estimated
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— Centroidal Dynamics —

It	corresponds	to	the	dynamics	of	the	linear	and	angular	momenta	of	the	
whole	system:

Multi-contact Locomotion of Legged Robots  - Justin Carpentier
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(iv) there is a forward map to pass from (4) to (5). The
reverse is not true: in case of multiple contacts, we
cannot uniquely retrieve the contact forces resulting in
a given contact wrench vector. Then, one has to rely on
some heuristics to strip away the ambiguity on the force
distribution as in [33].

E. Generic optimal control formulation
From II-D, it appears that the centroidal dynamics can be

driven either by the force input u
f

or by the centroidal input
u

c

. In both cases, the dynamics can be written as an affine
dynamical system equation:

˙

x = f(x,u) = F
x

x+ F
u

(x)u (7)

where F
x

and F
u

(x) are two matrices easily deduced from (4)
or (5) and u indifferently represents u

f

or u
c

and must belong
to the corresponding set denoted by K.

We are now able to describe the generic problem of
locomotion which can merely be stated as follows:

From a given contact sequence and an initial centroidal
state, find a feasible centroidal trajectory, satisfying
the Newton-Euler equations, the contact constraints and
leading to a viable state.

This problem can be directly transcribed as an optimal control
problem with path and terminal constraints:

min

x,u,(�ts)

S

X

s=1

Z

ts+�ts

ts

`
s

(x,u) dt (8a)

s.t. 8t ˙

x = f(x,u) (8b)
8t u 2 K (8c)
8t 9 (q, ˙q, ¨q) s.t. x, ˙x is feasible (8d)

x(0) = x0 (8e)
x(T ) 2 X⇤ (8f)

where s is the index of the contact phase, x and u are the
state and control trajectories, t

s

is the start time of the contact
phase s with t1 = 0 and t

s+1 = t
s

+�t
s

. Constraints (8b) and
(8c) enforce consistent dynamics with respect to the contact
model. Eq. (8d) is the constraint enforcing the feasibility of the
centroidal dynamics with respect to the whole-body problem:
it handles kinematics limits, bounds on the angular momentum
quantity, etc. We will show in Section III how it can be handled
with proxy constraints in an automatic way. Constraint (8e)
constrains the trajectory to start with a given state (typically
estimated by the sensor of the real robot) while (8f) enforces
a viable terminal state [34]. Finally, `

s

is the cost function
typically decoupled in `

x

(x) + `
u

(u) whose parameters may
vary according to the phase. `

x

is generally used to smooth
the state trajectory while `

u

tends regularize the control. The
resulting control is stable as soon as `

x

involves the L-2 norm
of one of the time derivatives of c [34].

F. Previous formulations
In the following, we present a state-of-the-art the main LPG

formulations present in the literature. In particular, we detail

how those LPGs correspond to specific choices of the generic
formulation (8). We really think important to highlight how
LPGs working on reduced dynamics are in fact based on a
common formulation.

1) Walking patterns in 2D: One major difficulty of (8) is the
handling of the bilinear form of the dynamics (7). When the
contacts are all taken on a same plane, a clever reformulation
of the dynamics makes it linear [4], by neglecting the dynamics
of both the CoM altitude and the angular momentum. In that
case, K boils down to the constraint of the zero-momentum
point to lie in the support polygon.

Kajita et al. [4] did not explicitly check the constraint (8c);
in exchange, `

u

is used to keep the control trajectory close to
a reference trajectory provided a priori. Similarly, (8f) is not
checked; in exchange, `

x

tends to stabilize the robot at the end
of the trajectory by minimizing the jerk of the CoM. These
three simplifications turns (8) into a simple unconstrained
problem of linear-quadratic regulation (LQR) that is implicitly
solved by integrating the corresponding Riccati equation.

The Kajita’s LQR was reformulated into an explicit
OCP [35], directly solved as quadratic program. The OCP
formulation makes it possible to explicitly handle inequality
constraints: (8c) is then explicitly checked under its ZMP
reformulation. A modification of this OCP is proposed in
[6] where (8f) is nicely approximated by the capturability
constraint, which constrains the CoM position and velocity
in the context of coplanar contacts.

2) Walking patterns in 3D: An iterative scheme is proposed
in [36] that can be written as an implicit optimization scheme
whose cost function is the distance to a given CoM trajectory
and a given forces distribution. The resulting forces satisfies
(8c) by construction of the solution. There is no condition
on the angular momentum (8d) neither on the viability of the
final state (8f), however the reference trajectory enforced by
the cost function is very likely to play the same role.

In [21], ˙

L

c

is null by construction of the solution. Moreover,
(8c) is supposed to always hold by hypothesis and is not
checked, while (8f) is not considered but tends to be enforced
by minimizing the norm of the jerk of the CoM, like in [4].
These assumptions result in an (bilinear)-constrained quadratic
program that is solved by a dedicated numerical method.

In [37], (8c) is explicitly handled (using the classic linear
approximation of the quadratic cones). As in [4], (8f) is
indirectly handled by minimizing the jerk. No condition
(8d) on the angular momentum is considered. Additionally,
the proposed cost function maximizes the robustness of the
computed forces and minimizes the execution time. Finally,
constraints are added to represent the limitation of the robot
kinematics.

In [13], (8c) is handled under a simple closed form solution,
while (8f) is not considered. To stabilize the resolution, the
cost function tends to stay close to an initial trajectory of both
the CoM and the angular momentum, computed beforehand
from a kinematic path. Consequently, (8d) is not considered
either (as it will simply stay close to the initial guess).

In [12], the conic constraint is directly handled. The angular
momentum is treated through the orientation of the system
(L

c

⇡ ˜I! + ⌧

Lc , with ˜I the compound (rigid) inertia of

— Generic Optimal Control Problem —

Most	pa8ern	generators	can	be	formulated	as:
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— Learning CoM feasibility constraint —

Multi-contact Locomotion of Legged Robots  - Justin Carpentier

We	learn	the	probability	distribu6on	of	the	CoM	posi6on	in	the	contact	frame.JOURNAL OF LATEX CLASS FILES, VOL. 14, NO. 8, AUGUST 2015 7

R3. In addition, the independence of end-effector placements
plays the role of an upper-bound for the real probability: if a
CoM is not feasible for at least one of the end-effectors (i.e.
one of the p

i

(c) is equal to 0), then the joint probability is also
zero. The converse is not true. We empirically show in next
section that this approximation, although intuitively rough, is
quite reasonable in practice and leads to good experimental
results.

2) Kernel density estimation by CoM sampling: There is
in general no closed form to encode p

i

(c) for a particular
legged robot. Nevertheless, this conditional probability can
be easily approximated by extensive sampling of the CoM
position expressed in the end-effector frames.

Sampling Nsamples of the CoM position expressed in the
frame M

i

does not raise particular difficulties. For each
sample, a configuration q

a

of the actuated joints is randomly
sampled and the CoM position is computed (expressed in
placement frame) by forward kinematics. The sample is
rejected if joint limits or self collision are violated.

The probability distribution can be approximation from
the cloud of CoM points by the kernel density estimators
(KDE) [45]. KDE are in some sense the analogues of
histograms but for continuous domains: for each point of the
data set, it associates one kernel centered on the point and all
kernels share the same parameters. In the present work, we
use isotropic Gaussian kernel.

3) Reduction of dimension: One drawback of the KDE
representation is its computational complexity: evaluating
the exponential function contained in the Gaussian kernel
takes around 10 ns on modern CPU. So, roughly speaking,
evaluating the PDF of the KDE takes approximately
10.Nsamples ns which becomes rapidly a bottleneck when the
number of points is huge (Nsamples greater than 100 points).

We propose to then approximate the KDE by a Gaussian
mixture model (GMM) [46]. GMMs are particularly suited
to approximate a PDF with only few Gaussians in the
mixture. The GMMs are learned for each end-effector
from the corresponding cloud of samples by means of the
expectation-maximization (EM) algorithm [47].

The quality of the GMM approximation can be estimated
using the Kullback-Leibler (KL) divergence between the KDE
(ground-truth) and the learned GMM (approximation) using
the Monte Carlo estimator proposed in [48]. Depending on the
number of Gaussians in the mixture, the divergence can reveal
under or over fitting effects. The optimal number of Gaussians
is easily selected for each end effector by dichotomy, as
exemplified in next section.

4) Summary of the learning procedure: In summary, for
each end effector, Nsamples configurations are sampled and
the corresponding CoM is computed in the end-effector
frame. The resulting KDE is approximated by fitting a GMM
using EM. Finally, the probability of CoM occupancy is
approximated as the product of p

i

(c), for i the end effectors in
contact with the environment. The OCP cost function is then
given by:

˜`
s

(x,u) = `
s

(x,u)�
K

cX

i=1

log(p
i

(c)) (13)

Y-Z projection X-Z projection X-Y projection

Fig. 2. Illustration of the probability density distribution of the CoM w.r.t. the
right foot frame of HRP-2, projected along the three axis X,Y,Z. The first row
corresponds to the ground truth distribution estimated through KDE (20000
points). Next rows depict the learned GMM with respectively 5, 7 and 13
kernels in the mixture.

C. Empirical validation of the CoM proxy

Before going further in the definition of tour complete LPG,
we first validate the proposed approximation of the CoM
proxy using the model of the HRP-2 robot. For that purpose,
with illustrate the learning procedure and then validate the
independence assumption.

1) Illustration of the learning procedure: We only expose
for space reasons the learning of the accessibility space of
the CoM w.r.t. the right foot (RF). A similar study can be
conducted on the three other end-effectors.

The learning process is made from a set of 20000 points
sampled uniformly in the configuration space. The KDE of
this set is represented on the first row of Fig. 2. The first
observation is that the PDF of the RF is not convex and follows
a kind of banana distribution on the X-Z sagittal plane. In other
words, this means that the distribution cannot be approximated
by a single normal distribution but must be composed of
several ones. The second row of Fig. 2 represents the colour
map of the GMM used inside the OCP. At this stage, it is
important to notice that the approximation with GMMs does
not fit perfectly the maximal values of the real distribution.
However, this approximation is conservative with respect to
the support and the level sets of the original distribution.

Fig. 3 highlights the experimental procedure suggested in
Sec. III-B3 and shows the evolution of the KL-divergence
with respect to the size of the GMMs. For the right and
left feet, the KL-divergence stagnates from 7 kernels in the
mixture. In other words, it is sufficient to takes a GMM of
size 7 to represent the CoM distribution in the foot frames.
For the right and left grippers, it is a little bit different.

Ground truth

3 GMMs

5 GMMs

7 GMMs



— Proposed formulation —
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min
x,u,(�ts)

SX

s=1

Z ts+�ts

ts

˜̀
s(x,u) dt

s.t. 8t ẋ = f(x,u)

8t u 2 K

x(0) = x0

x(T ) = (cf ,0,0) , ẋ(T ) = 0

with: ˜`s(x,u) = wc̈k¨ck22 + wL̇c
k ˙

Lck22 +
P4

i=1 log(pdfi(c))



Results
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— Influence of the occupation measure —
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— Large step walking—
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— Climbing stairs scenario —
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And what about 
uncertainties?



Risk Sensitivity



THE PROBLEM
SIMULATION REALITY

Tedrake et al. 2014, MIT

Tonneau et al. 2016, LAAS

DARPA ROBOTICS CHALLENGE 
June 2015, California 

16 biped robots participated 
15 biped robots fell



…in a controlled simulation environment with 
no noises, no modeling errors and no delays

WALKING IS EASY!



But what if we add noise to  
the joint torques?



…or if we add delays in  
the velocity estimation?



…or if we introduce errors in the 
inertial parameters of the robot?



We propose to use robust 
optimization to design controllers 
that are robust to uncertainties in 

the joint torques



LEAST-SQUARES OPTIMIZATION

minimize

x

||Ax� a||2

subject to Bx+ b � 0
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minimize

x
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subject to Bx+ b � 0

B(x+ e) + b � 0

Torque  
tracking  

error
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minimize

x

||Ax� a||2

subject to Bx+ b � 0

B(x+ e) + b � 0

Torque  
tracking  

error

e ⇠ N (0,⌃)
Option 1

P (B(x+ e) + b � 0) � 0.99



LEAST-SQUARES OPTIMIZATION

minimize

x

||Ax� a||2

subject to Bx+ b � 0

B(x+ e) + b � 0

Torque  
tracking  

error

e ⇠ N (0,⌃) |e|  emax

Option 1 Option 2

B(x+ e) + b � 0 8eP (B(x+ e) + b � 0) � 0.99
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Classic

Robust 
Stochastic

Robust 
Worst-Case

Del Prete, Mansard "Robustness to Joint-Torque Tracking Errors in Task-Space Inverse 
Dynamics”, IEEE Transaction on Robotics, 2016.  



RESULTS

Del Prete, Mansard "Robustness to Joint-Torque Tracking Errors in Task-Space Inverse 
Dynamics”, IEEE Transaction on Robotics, 2016.  



Classic

Robust 
Stochastic

Robust 
Worst-Case

DRILLING TASK

Del Prete, Mansard "Robustness to Joint-Torque Tracking Errors in Task-Space Inverse 
Dynamics”, IEEE Transaction on Robotics, 2016.  



And what about uncertainties 
in the inertial parameters?

Joint work with Nirmal Giftsun, PhD candidate



Inertial Parameter Robustness



Inertial Parameter Robustness

Classic Controller
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Inertial Parameter Robustness

Robust Controller



Inertial Parameter Robustness

Unreachable Target

Reachable Target



Inverse Dynamics Control

Joint work with T. Flayols, O. Stasse et al.Work in progress…


