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Abstract— In this work we will present our newest re-
search in legged locomotion using Trajectory Optimization.
We formulate the important quantities (body and feet motion,
contact state), the physical laws (unilateral contact forces) and
kinematic restrictions (range of motion) in an Optimization
Problem. The presented formulation can be seen as a gener-
alization/combination of more traditional Zero-Moment-Point
(ZMP) and Capture Point approaches. We don’t require a
higher-level footstep planner, but the footholds are chosen
simultaneously with the body optimization. The generated
motions are physically consistent, due to our dynamics model
of an Inverted Pendulum. Due to our minimal representation
the optimization problem can be solved in milliseconds. We can
show quadrupedal walk and trot executed on real systems.

I. INTRODUCTION

Legged locomotion is a difficult task, partially because
feet can only push and not pull on the ground (=unilateral
contact forces). A stream of successful approaches able to
deal with this restriction are based on ZMP [1] and Capture
Point [2]. Approaches based on the ZMP are usually used
for biped or quadruped walking [3] and approaches based on
Capture Point for more dynamical motions, e.g. quadruped
trotting [4]. Although these approaches work well in practice,
they are often still very specific to one type of gait. We
generalize this through the use of Trajectory Optimization
(TO) formulation, which allows us to generate various gaits
with only one framework. This is our newest stream of
research currently under review for RA-L.

The presented approach formulates a continuous-time TO
problem

find x(t),u(t) (1a)
subject to x(0)− x0 = 0 (given initial state) (1b)

ẋ(t)− f(x(t),u(t)) = 0 (dynamic model) (1c)
h(x(t),u(t)) ≤ 0 (path constraints) (1d)
x(T )− xT = 0 (desired final state) (1e)
x(t),u(t) = argmin J(x(t),u(t)). (1f)

This says, we want to obtain the inputs u(t) that generate
the motion x(t) from an initial state x0 to a desired goal state
xT in time T for a robot described by the system dynamics
f(x(t),u(t), while respecting some constraints h ≤ 0 and
optimizing a performance criteria J . We model the robot’s
dynamics as a Linear Inverted Pendulum. The touchdown
point of the pendulum represents the ZMP or Center of
Pressure (CoP). This can be modified by applying joint
torques, which in turn generate contact forces which change
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Fig. 1. Top down view of the generated motions for a quadruped robot
moving from left→right. The CoM motion is shown by the solid line. The
support area for each phase is shown by the transparent areas. The optimized
CoP positions u(t) that drive the system are shown in red and always lie
inside the support area.

the CoP. Therefore we view the CoP as the controllable input
u(t), an abstraction for joint torques and contact forces.

The Optimization problem can be seen as follows: The
CoM motion is generated by shifting the CoP u. However,
u can only lie in the convex hull of the legs in contact
(unilateral forces). Additionally, the position of each leg must
always be inside it’s range of motion. The optimization prob-
lem consist of shifting around the position of the footholds,
to allow inputs that drive the robot from an initial position
x0 to a desired goal position xT in time T .

This formulation allows us to generate motions for
quadruped walk, trot, pace and bound (see Fig. 1) in
milliseconds and execute walk and trot on real systems.
We believe that this intermediate approach between full-
body Trajectory Optimization and traditional ZMP/Capture
Point motion generation could help narrow the gap between
simulation and real hardware.
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